Abstract. This article reports the first optical frequency measurement of the 1S−3S transition in hydrogen. The excitation of this transition occurs at a wavelength of 205 nm which is obtained with two frequency doubling stages of a titanium sapphire laser at 820 nm. Its frequency is measured with an optical frequency comb. The second-order Doppler effect is evaluated from the observation of the motional Stark effect due to a transverse magnetic field perpendicular to the atomic beam. The measured value of the 1S 1/2 (F = 1)−3S 1/2 (F = 1) frequency splitting is 2 922 742 936.729 (13)MHz with a relative uncertainty of 4.5×10 −12 . After the measurement of the 1S − 2S frequency, this result is the most precise of the optical frequencies in hydrogen.
Introduction
The hydrogen atom has a central position in the history of atomic physics. As it is the simplest of atoms, it has played a key role in testing fundamental theories, and hydrogen spectroscopy is associated with successive advances in the understanding of the atomic structure. Since the advent in the seventies of tunable lasers and methods of Doppler free spectroscopy, hydrogen spectroscopy has been renewed in the last decades. Consequently, several optical frequencies of hydrogen are now known with a fractional accuracy better than 10 −11 . In a long series of experiments, Hänsch and coworkers have improved the precision on the measurement of the 1S − 2S frequency to obtain now a relative uncertainty of about 1.4 × 10 −14 [1] . In Paris, we have studied in the nineties the 2S − nS/D two-photon transitions with n = 8 and 12 (n is the principal quantum number) [2, 3, 4] . For instance we have measured the frequency of the 2S 1/2 −8D 5/2 transition with an uncertainty of 5.9 kHz, i.e. a relative uncertainty of 7.6 × 10 −12 . The goal of these high precision measurements is to determine the Rydberg constant R ∞ and the hydrogen Lamb shifts.
The hydrogen energy levels can be conventionally expressed as the sum of three terms: the energy given by the Dirac equation for a particle with the reduced mass, the first relativistic correction due to the recoil of the proton and the Lamb shift. The first two terms have an exact expression as a function of the quantum numbers and of the fundamental constants (the Rydberg constant R ∞ , the fine structure constant α and the electron-to-proton mass ratio m e /m p ). The Lamb shift takes into account all the other corrections: corrections due to quantum electrodynamics (QED), other corrections due to the recoil of the proton and the effect of the proton charge distribution. The calculation of the Lamb shift is very difficult and a review of the results obtained so far is made in the report of the CODATA (Committee on Data for Science and Technology) [5] . Today, for the 1S level, the uncertainties are due to the calculation of the two-loop and three-loop QED corrections (this uncertainty is estimated to 3.7 kHz) and to the measurement of the proton charge distribution. Using the value of the radius r p of this charge distribution deduced from the electron-proton scattering experiments (r p = 0.895 (18) fm) [6] , this uncertainty is 50 kHz. At this level, the uncertainty of the theoretical value of the Lamb shift is not limited by the ones of R ∞ , α and m e /m p . Consequently, the uncertainty in the proton radius r p is a strong limitation to extract the Rydberg constant from high precision measurements. For instance, using the frequency of the 1S − 2S transition and the calculated value of the 1S and 2S Lamb shifts, the Rydberg constant can be deduced with a relative uncertainty of only 1.8 × 10 −11 [7] . In practice, it is possible to avoid this difficulty by using the 1/n 3 scaling law for the Lamb shift. Numerous terms of the Lamb shift vary with the principal quantum number exactly as 1/n 3 (for instance the effect of the charge distribution of the nucleus), and the deviation from this scaling law has been precisely calculated by Karshenboim [8] , and more recently by Pachucki [9] . Then it is possible to eliminate the Lamb shift by forming a suitable linear combination of two frequency measurements. For instance, in the linear combination 7ν(2S 1/2 − 8D 5/2 ) − ν(1S 1/2 − 2S 1/2 ) of the 2S 1/2 − 8D 5/2 and 1S 1/2 − 2S 1/2 frequencies, the quantity L 1S − 8L 2S appears and the effect of the proton charge distribution is eliminated (L 1S and L 2S are the Lamb shifts of the 1S and 2S levels). For example, from the measurements of the 1S 1/2 − 2S 1/2 , 2S 1/2 − 8D 5/2 and 2S 1/2 − 12D 5/2 frequencies in hydrogen and deuterium, one obtains a value of R ∞ with a relative uncertainty of 9 × 10 −12 [4] . Moreover, this method gives the values of the Lamb shifts, and, taking into account the theoretical calculations of the Lamb shift, it is possible to deduce a value of the rms charge radius of the proton (r p = 0.8746 (94) fm) which is more precise than the one deduced from the electron-proton scattering experiments. In this method, the accuracy is presently limited by the uncertainties of the 2S 1/2 − 8D 5/2 and 2S 1/2 − 12D 5/2 frequency measurements. In our experiment [4] , these uncertainties were mainly constrained by the natural width of 8D and 12D levels and by the inhomogeneous light shift experienced by the atoms passing through the gaussian profile of the laser beams.
To circumvent the limitation due to the uncertainties of the 2S−nD measurements, our group studies the 1S−3S two-photon transition, with the aim to deduce R ∞ and r p from the comparison between the 1S − 2S and 1S − 3S frequencies. Indeed, as, in an atomic beam, the number of hydrogen atoms in the 1S level is about eight orders of magnitude larger than the number of metastable atoms, the 1S − 3S transition can be observed with very low light intensity so with a negligible light shift. In 1996, we have observed the 1S − 3S transition and deduced, from the comparison with the 2S−6S/D frequency intervals, a value of the 1S Lamb shift [10] . Since then we have undertaken optical frequency measurements of the 1S − 3S transition. Because there is no simple way to determine the velocity distribution of the 1S atomic beam, a difficulty is the determination of the second order Doppler effect, which induces a red shift of −v 2 /2c 2 . To measure it, the atomic beam is placed in a transverse magnetic field which induces a motional electric field and so a quadratic Stark shift varying also as v 2 . The velocity of the atoms and the second order Doppler effect are deduced from the variation of this Stark shift with the magnetic field [11, 12] . With these techniques, we have made a preliminary measurement of the 1S − 3S optical frequency.
The aim of this paper is to relate in detail these last measurements. Section 2 describes the experimental method. Section 3 and 4 are devoted to the method used to determine the velocity distribution and to the theoretical analysis of the line shape. Finally the results are presented and analyzed in section 5.
2 Spectroscopy of the 1S-3S transition
Experimental setup
The experimental setup (see Figure 1 ) has been described elsewhere [4, 10, 12] . The excitation wavelength of the 1S-3S two-photon transition is in the UV range, at 205 nm. This radiation is produced by quadrupling in frequency a CW titanium sapphire laser at 820 nm, with two frequency doubling stages by a lithium triborate crystal (LBO) and a beta-barium borate crystal (BBO). These crystals are placed in two successive enhancement ring cavities (LBO cavity and BBO cavity respectively). The first frequency doubling is efficient and delivers about 800 mW at 410 nm from an incident power of 2 W at 820 nm [13] . This first cavity is locked to the laser wavelength without any length modulation thanks to the polarization method [14] . The second doubling step is by far more challenging [15] . For the second harmonic generation at 410 nm, the only possible choice is a BBO crystal used at the limit of its phasematching angle. This results in a low conversion efficiency, with a UV power below 1 mW. The second doubling step is operated in an O 2 environment to slow the chemical reactions at the surface of the crystal. Furthermore, a photorefractive effect takes place inside the crystal, which results in a reflected blue beam at 410 nm appearing from one end facet of the BBO crystal. A counter propagating wave at 410 nm develops in the ring BBO cavity. To reduce this effect, we have worked in a quasi-continuous regime where the UV intensity consists of 6 µs pulses at a frequency of 30 kHz. This is done by overmodulating the length of the BBO cavity at the frequency ν 0 of 15 kHz, so as to be resonant only twice per modulation period for 6 µs. First-order Doppler effect due to the motion of the cavity mirror results in frequency shifts, which induce a splitting of the observed 1S-3S line. This effect is described in the references [12, 16] .
The frequency stabilization of the titanium sapphire laser is described in reference [4] . The setup is shown in Figure 2 . The short term and long term stabilities are assured by two Fabry-Perot cavities, labelled FPA (auxiliary Fabry-Perot) and FP respectively. The principle of this stabilization arrangement is to lock the titanium-sapphire laser to the FPA cavity, the FPA cavity to the FP cavity and, finally, the FP cavity to a diode laser stabilized on a two-photon transition of rubidium. A secondary laser beam from the titanium-sapphire laser is split after a dou- ble pass through an acousto-optic modulator (model 3200 from Crystal Technology at 200 MHz) and sent on the FPA and FP cavities. The FPA cavity (free spectral range 600 MHz and finesse of about 400) is placed in a robust brass vacuum box (wall thickness of 2 cm) and carefully isolated from external vibrations [13] . To reduce the frequency jitter, the laser is locked, in a first step, to the FPA cavity with a FM sideband method [17] . Thanks to this servo-loop, the frequency jitter is reduced from 500 kHz (free running laser) to about 2 kHz [13] .
The long term stability is guaranteed by the FP cavity. This cavity is very stable. It consists of a 50 cm long zerodur spacer and two silver coated mirrors, one flat and one spherical (60 cm curvature radius). Its finesse is about 120 at 800 nm. A piezoelectric transducer moves the flat mirror thanks to a mechanical construction (made in fused silica) which avoid the rotation of the mirror (the principle is to deform a parallelogram) [18] . This cavity is also placed in a vacuum box with the same design than for the FPA cavity. To obtain long term stability, the FP cavity is stabilized on a standard laser, namely a laser diode at 778 nm stabilized to the 5S 1/2 -5D 5/2 two-photon transition of rubidium (DL/Rb laser). This standard has been described previously [19, 20, 21] . With this setup, as the zerodur spacer is very stable, the servo-loop of the FP cavity on the DL/Rb laser always uses the same fringe of the FP cavity and the length of the FP cavity is exactly known. Consequently, to excite the 1S−3S transition, the titanium sapphire laser is always locked on a fringe of the FP cavity which is also exactly known (fringe number 1219477 of the FP cavity) . The advantage of this method is that the 1S-3S signal always appears around the same frequency of the acousto-optic modulator. The frequency characteristics of this system will be presented in section 2.3. Finally, to scan the laser frequency, we sweep the frequency of the radiofrequency wave which drives the acousto-optic modulator.
The 1S-3S transition is excited in a thermal 1S atomic beam colinear with the UV laser beams. The hydrogen atoms are produced through a radio-frequency discharge from molecular hydrogen. In order to increase the UV intensity, the atomic beam is placed inside a linear build-up cavity (UV cavity) formed by two spherical mirrors (radius of curvature 25 cm, 49 cm apart). Inside the cavity, the UV beam is focused within a waist of 48 µm. Because of the average characteristics of the UV mirrors (reflection and transmission of the input mirror 89 % and 8.5 %, reflection of the end mirror 96 %), the cavity finesse is about 40. The mirrors are mounted on piezoelectric translators and the cavity length is locked to the 205 nm wavelength. This locking is detailed in reference [16] . For this servoloop, the amplitude of the frequency modulation due to the modulation of the BBO cavity is too small with respect to the width of the UV cavity to obtain a good error signal. Therefore the length of the UV cavity needs to be modulated at the same frequency as that of the BBO cavity (15 kHz), but in quadrature. This way, the UV pulses issued from the BBO cavity are sent to the UV cavity when the length of the UV cavity is at an extremum. If the UV cavity length is minimum for one pulse, it will be maximum for the following one and so on: the UV pulses test successively the two sides of the Airy's peak of the UV cavity. For this servo loop, the modulation amplitude is a small fraction of the width of an Airy's peak of the UV cavity (typically 20 %). Finally, the UV intensity inside the cavity is monitored by a photodiode placed after the end mirror and a phase sensitive detection at 15 kHz compares the transmission of the UV cavity for two successive pulses to obtain the servo signal.
The two-photon transition is detected by monitoring the Balmer-α fluorescence due to the radiative decay 3S-2P. This fluorescence is collected with a spherical mirror and a f /0.5 aspheric lens system and selected with an interference filter at 656 nm. We have used two different detectors, a photomultiplier (Hamamatsu R943-02) or a CCD camera (Princeton Instruments Spec 100B). The following section presents the data acquisition in these two cases.
Experimental spectra
For the photomultiplier detection, the data acquisition takes benefit from the short time response of the photomultiplier. Each scan is divided in 31 frequency points. For each point, the photomultiplier signal is counted during 1 s and we make 10 scans of the line to achieve a 7 minutes run. Furthermore, acquisition electronics are designed to select only the time window during which the 205 nm UV light is resonant inside the atomic beam cavity (as a consequence of the 15 kHz over modulation of the BBO cavity). The signal of the photomultiplier is sent, after an amplifier discriminator and an electronic switch, to a multiplexer. To reduce the noise due to the dark current of the photomultiplier, the electronic switch transmits the signal only when the instantaneous UV intensity is above a reference level. Then, a multiplexer dispatches the signal to two counters in phase with the modulation at 15 kHz: when the BBO cavity length increases, the signal is sent to counter 1, and, when it decreases, to counter 2. This way, we can observe the splitting of the 1S − 3S line due to the Doppler shift induced by the motion of the mirror (see section 2.1). As the signal-to-noise ratio is small, we take the mean of several runs to obtain an observable signal. Figure 3 shows the atomic signal. The two curves, corresponding to the two counters are separated by about 1.1 MHz in terms of atomic frequency. Consequently we will have to take into account this effect in the line shape analysis. In comparison with the photomultiplier, the CCD camera has two advantages: the quantum efficiency is higher (about 90 % for a back-illuminated camera when it is 15 % for the photomultiplier) and it is possible to obtain an image of the fluorescence of the atoms in the laser beam. The drawback is the longer time response of the CCD, of the order of one millisecond, which does not allow us to perform the electronic time selection described above. Moreover a readout noise, independent of exposure time, is also superimposed on each pixel (or group of pixels) every time the chip is being read. This leads to the use of long exposure times, of the order of 1 minute, to gather as many signal photons as possible before reading the chip. Nevertheless, this exposure time should remain small compared to the characteristic drifting time of the titanium sapphire laser and of the frequency doubling stages. Finally the exposure time of each frequency point of the scan is 37 s and the acquisition of the 31 frequency points lasts about twenty minutes. Then each image is carefully analyzed to reduce the parasitic signal due to the UV and to take into account the variation of the UV intensity during the scan (see the references [22, 23] for the detail of this analysis). An example of 1S − 3S spectrum obtained with the CCD camera is shown in figure 4 . For this record the UV intensity was about 70 % the one of the record shown in figure  3 . As the two-photon excitation is a quadratic process, this corresponds to a reduction by a factor of about 2 of the excitation probability. Nevertheless the CCD camera signal is about five times larger than the photomultiplier signal. This corresponds to the gain in the quantum efficiency and to a better collection of the atomic fluorescence. For this reason, the main results presented in this article have been obtained by using the CCD camera.
Optical frequency measurement
The optical frequency measurements are made with an optical frequency synthesizer, following the design introduced by Hall and Hänsch [24, 25] . Figure 5 shows the experimental arrangement. We use a second titanium sapphire laser, a six chirped mirrors mode-locked femtosecond laser with a repetition rate f rep of about 900 MHz (laser GigaJet 20 from Menlo Systems GmbH) with a 5 W pump laser (laser Verdi V5 from Coherent). The output of the titanium sapphire laser forms a frequency comb. The frequency f N of each line of the comb is controlled by the frequency rate f rep and the global shift f 0 of the frequency comb with respect to the zero frequency: f N = N f rep +f 0 . The offset frequency f 0 is determined thanks to the selfreferencing technique. The spectrum of the femtosecond titanium sapphire laser is broadened inside a microstructure photonic crystal fiber (from CrystalFiber) as to span over more than an octave. Then the infrared part of the spectrum is frequency doubled in a KNbO 3 nonlinear crystal to obtain green radiation which is recombined, after a time delay, with the green part of the spectrum generated by the photonic crystal fiber. The result is a beat note detected by the photodiode PD2 (see figure 5 ) at the offset frequency f 0 or at the frequency f rep − f 0 . As the output spectrum of the comb before the fiber (ranging from 780 to 820 nm) includes the wavelength of the two-photon excitation, the CW titanium-sapphire laser is mixed with the frequency comb before the photonic crystal fiber. The advantage is that the resulting beat note (frequency f 1 ) is very stable with a good signal-to-noise ratio (40 dB in a 300 kHz bandwidth). This frequency f 1 corresponds to the frequency difference between the titanium sapphire laser frequency and the closest frequency of the comb, either lower (case (a)) or higher (case (b)). The spacing between the lines of the comb is fixed by phase-locking the repetition rate to a reference signal related to a Cs clock. Thanks to an optical link between our laboratory and LNE (Laboratoire National d'Essais)-SYRTE (Système de Référence Temps Espace) at the Observatoire de Paris [26] , we receive a radio-frequency signal at 100 MHz locked to a primary frequency standard. Then a radio frequency chain generates a signal at 11 GHz which is mixed with the twelfth harmonic of the repetition rate [27] . The phase error signal is then amplified and fed back to a piezoelectric translator controlling the length of the femtosecond ring cavity. Finally the frequency of the titanium-sapphire laser is given by:
with a + sign in case (a) and − sign in case (b). Then, by mixing both beat notes electronically and filtering, one can record the suitable combination of f 0 and f 1 with a tracking oscillator and a frequency counter. Thanks to the optical link with the Observatoire de Paris, the DL/Rb standard laser has been simultaneously measured during 300 s in our laboratory and in the LNE-SYRTE laboratory. The result of this test is a frequency difference of 2 (26) Hz, the uncertainty corresponds to one [20, 28] .
During the recordings of the 1S-3S spectra, the frequency of the titanium-sapphire laser was continuously measured. Figure 6 shows the optical frequency of the peak of the FP cavity numbered 1219477 which is used to lock the titanium-sapphire laser, measured in 2005 and in 2009. This figure illustrates the repeatability of the setup used to stabilized the titanium-sapphire laser (see figure  2) . The frequency jumps are due to some degradations of the servo-loops of the lasers on the FP cavity. Usually it is due to a bad alignment of the lasers with respect to the cavity or to a diminution of the electronic gain. The shift of about 5 kHz between the 2005 and 2009 measurements can be explained by the frequency of the DL/Rb laser or by an ageing of the silver coated mirrors of the FP cavity.
Determination of the velocity distribution
In a thermal hydrogen beam at room temperature, the typical atomic velocity is 3 km/s. For the 1S-3S transition, this velocity induces a second-order Doppler shift
2 which is about 146 kHz (ν(1S − 3S) is the atomic frequency). To measure this effect, we use a method proposed in reference [11] which is convenient when the 1S-nS (or 2S-nS) two-photon hydrogen transitions are produced in an atomic beam. The principle is to apply a transverse magnetic field B with respect to the direction of the atomic beam (see figure 7) . This magnetic field produces a motional electric field E = v × B which induces a quadratic Stark shift proportional, as the second-order Doppler effect, to v 2 . From the observation of this effect, we can deduce the second order Doppler shift.
The first effect of the magnetic field is a Zeeman splitting (see figure 8) . In low magnetic field, because of the selection rules of a two-photon transition (∆F = 0 and ∆m F = 0 [29] ), the line between the hyperfine levels 1S 1/2 (F = 1) and 3S 1/2 (F = 1) is split in three lines. For a higher magnetic field, the line between the 1S 1/2 (F = 1, m F = 0) and 3S 1/2 (F = 0, m F = 0) Zeeman sub-levels becomes allowed, because the hyperfine structure of the 3S level is in the Paschen-Back regime when it is not the case for the 1S level. Practically, the shift of the m F = ±1 components is very small, because, in first approximation, the Landé factors are the same for the 1S and 3S levels. Following a relativistic calculation, the Landé factors g J of the 1S and 3S levels are respectively 2.002284 and 2.002315 [30] . This difference induces, for a field of 20 mT, a residual Zeeman shift of about ±4.3 kHz. For this field the diamagnetic shift is about 809 Hz. On the other hand, the F = 1, m F = 0 component is shifted, because the Zeeman effect is not the same for the [31] . We consider the quadratic Stark effect due to this motional electric field. This shift, proportional to v 2 , is very small, but observable in the case of the m F = ±1 line components, because the Zeeman shift of these components is negligible. In particular, this effect is important around the level crossing between the 3S 1/2 (F = 1, m F = −1) and 3P 1/2 (F = 1, m F = 0) Zeeman sub-levels, which appears for a magnetic field of about 18 mT (see figure 8) .
The complete calculation of the line shape will be described in the section 4. We present here a simple picture. The initial state g (the levels 1S 1/2 (F = 1, m F = ±1)) is coupled by two-photon excitation to an excited state e (here the levels 3S 1/2 (F = 1, m F = ±1)). This state e is mixed by the Stark hamiltonian V ef with several f states (the Zeeman sub-levels of the 3P 1/2 and 3P 3/2 states). In a simple approach, the perturbed energy E ′ e and width Γ ′ e of the considered e level are deduced from the unperturbed energy and width E e and Γ e , using the perturbation theory in lowest order:
Then the Stark shift δ S of the level e is given by:
In these equations, the energies E e and E f take into account the shifts of the e and f levels due to the Zeeman effect: then E e − E f is a function of the magnetic field and the Stark shift appears as a sum of dispersion curves corresponding to the different level crossings between the 3S 1/2 and 3P J levels. There is no divergence at the level crossing when E e = E f because of the difference between the natural widths of the 3S 1/2 and 3P 1/2 levels (respectively 1 MHz and 30.6 MHz). As the effect of the electric field is negligible for the 1S 1/2 level, the total shift δ of the two-photon line is:
where δ Z is the shift due to the difference of the Zeeman effect for the g and e levels and the third term the second Doppler effect for an atom of velocity v. Figure 9 shows, for an atom at 3 km/s, the shifts of the 1S 1/2 −3S 1/2 (F = 1, m F = ±1) transitions around the level crossing at 18 mT. The large dashed line represents the line position without any shifts for the velocity v = 0 and the small dashed line the line position shifted by the second-order Doppler effect for v = 3 km/s and B = 0. This shift is about −146 kHz. With respect to this reference, the shift of the 1S 1/2 -3S 1/2 (F = 1, m F = +1) line (curve (a)) is small (about 10 kHz), because, in this range of magnetic field, the 3S 1/2 (F = 1, m F = +1) level is far from the 3P 1/2 and 3P 3/2 levels. On the other hand, the shift of the 1S 1/2 -3S 1/2 (F = 1, m F = −1) line (curve (b)) is important around the level crossing. It has a dispersion shape and is larger than the second-order Doppler effect. Moreover, there are two values of the magnetic field (points A and B) where the second-order Doppler effect is exactly compensated by this motional Stark effect. For these values, the position of the line is independent of the atomic velocity, because the second-order Doppler effect and the motional Stark effect both vary as v 2 . Nevertheless, this effect cannot be used directly, because the 1S 1/2 - ) . Curve (c) shows the barycenter of these two lines. Though reduced by a factor two, the dispersion amplitude is about 230 kHz, and the compensation of the second-order Doppler effect is still 73% for a magnetic field of 17 mT. We have observed this effect to deduce the second-order Doppler effect.
4 Line shape
Theoretical background
The aim of this calculation is to take into account simultaneously the natural width and the Zeeman and Stark effects. We follow the procedure described in reference [4] . The evolution of the density operator ρ is:
where V S is the Stark Hamiltonian and the operators V L and Γ describe the two-photon excitation and the spontaneous emission. We use the notations of section 3: the states g, e and f are respectively the 1S 1/2 , 3S 1/2 and 3P J levels. We make the rotating wave approximation and we introduce the two-photon Rabi frequency Ω e :
where ω/2π is the laser frequency, I the power density of the light, a 0 the Bohr radius, α the fine structure constant and m the electron mass. For a polarization along the zaxis, the two-photon operator Q tp is given in atomic units (h = αc = m = 1) by:
where the sum is made on all the atomic states r and ω rg /2π is the atomic frequency difference between the g and r states. Because of the selection rules for the twophoton excitation, the initial state g is coupled to a single excited state e. If we assume that Ω e ≪ Γ e , we can neglect in a first step the populations and coherences ρ ee ′ , ρ f f ′ or ρ ef of the upper levels. In the rotating frame, we replace the density operator by an operator σ with σ gg = ρ gg , σ eg = ρ eg exp(2iωt) and σ ge = ρ ge exp(−2iωt) and we introduce the frequency detunings ∆ e = 2ω − (ω e − ω g ) and ∆ f = 2ω − (ω f − ω g ) (hω i is the energy of the level i). In this way, we obtain from equation (5) a set of equations:
where V f e = f | V S |e . Then we assume that the optical coherences σ eg and σ f g follow adiabatically the population σ gg , i.e. that:
With these hypotheses, the equations (9, 10) give:
(11) This equation gives the coherence σ eg as a function of the population σ gg . It can be written more simply:
where:
Combining with equation (8), one obtains the evolution of the population σ gg and the probability of the two-photon excitation.
To obtain the correct line shape, we have to calculate the 656 nm fluorescence from the n = 3 levels towards the n = 2 levels. This fluorescence is due to the cascades 3S 1/2 → 2P J and 3P J → 2S 1/2 . Because of the Stark mixing, the 3P J states are also populated. Then, to obtain the line shape, it is required to calculate the populations σ ee , σ f f and σ f f ′ . They are deduced from equation 5:
In our experimental conditions, the two-photon excitation probability is very small, typically 10 −3 /s for an atom at the center of a 1 mW UV beam. As this probability is very small with respect to the natural width of the 3S level (1 MHz), we are in a stationary regime and dσ ii ′ /dt = 0 (with i and i ′ are the levels e or f ). Then it is possible to calculate the populations σ ii ′ from the set of equations (14−16).
First we consider the simple case where the e level is coupled with only one f level by the Stark Hamiltonian. From equations (10), (12) and (15), we deduce:
The populations σ ee and σ f f are obtained from the equations (14) and (16):
Using the expressions of σ eg (equation (12)) and σ f e (equation (17)), we can express σ ee and σ f f as a function of σ gg :
where the coefficients B, C 1 and C 2 are:
Finally, the populations σ ee and σ f f are:
The calculations are similar in the case where there are several f levels mixed by the electric field with the e level. They are described in detail in the reference [32] .
Theoretical line shape
For an atom in the initial state g with the velocity v in the magnetic field B, the detected fluorescence F g (ω, v, B) is:
where D describes the efficiency of the photon detection and γ f is the branching ratio of the fluorescence from the 3P levels towards the 2S levels (about 0.1183). The populations are calculated following equation (21) and, to take into account the second-order Doppler effect, the laser frequency ω is replaced by ω(1 + v 2 /2c 2 ) in the expression of ∆ e and ∆ f . Figure 10 In the precedent calculation, we have considered an atom which is continuously inside the UV beam and equation (22) gives the probability per unit of time that we detect a 656 nm photon. Now we have to take into account the velocity distribution of the atoms. The atomic velocity distribution of a hydrogen beam produced by a radio frequency discharge dissociator has been studied by Jaduszliwer and Chan [33] . In our experimental conditions (dissociator pressure in the range of 0.4 torr), we can assume that this distribution f (v, σ) is close to the Maxwellian form:
where σ = kT /M (T temperature, M atomic mass). Then the line shape R(ω, σ, B) is:
where g are the levels 3S 1/2 (F = 1, m F = ±1) and a a normalization factor which depends of the atomic density in the atomic beam. If L is the length of the part of the atomic beam in front of the detection system, the twophoton excitation probability is proportional to the transit time L/v. Consequently, we have introduced the factor 1/v into equation (24) . In our calculation, we have also taken into account a slight dependence of the two-photon excitation probability with the velocity v which is due to the form of the UV gaussian beam and the life time τ of the excited level: if the detection is made exactly at the waist of the UV beam, the excitation has been made at a distance vτ from this waist. Then, in equation (6), the power density of the light I depends on the velocity v. The calculation of this effect is described in detail in the reference [23] . As explained in section 2.1, the length of the BBO cavity is overmodulated: the UV intensity consists in a succession of pulses which corresponds to an increase or a decrease in the cavity length. A splitting and a broadening of the line consequently appear. This effect is described in reference [16] . Following [34] , the line shape of the twophoton transition is given by:
where F (Ω) is the Fourier transform of the square of the electric field at 205 nm. If ω L /2π is the laser frequency at 410 nm inside the BBO cavity, the electric field is:
where E 0 e iωLt is the incident field on the BBO cavity, τ C the transmission of the input mirror, r C the reflection coefficient for a round trip in the cavity and δ/2π the frequency shift due to the motion of the mirror (δ > 0 if the cavity length decreases). The equation (26) is valid because the lifetime of a photon inside the BBO cavity (about 0.2 µs) is short in comparison with the duration of the UV pulse (6 µs). Then the electric field at 205 nm generated by the BBO crystal is proportional to:
Then the function F (Ω) is:
where we have only kept the term resonant with the twophoton transition. As the duration of the UV pulses (6 µs) is short with respect to the period of the modulation (67 µs), we can linearize the denominator in equation (28) and obtain |F (Ω)| 2 . When the length of the cavity decreases (δ > 0), we have:
where ∆ = r C δ/2(1 − r C ) characterizes the shift and the broadening of the line. When the cavity length increases, the function |F (Ω)| 2 is symmetric with respect to Ω = 4ω L . This symmetry supposes that the frequency shifts δ incr and δ decr are the same for the forward and backward scanning. In fact, a non-linear refractive index of the BBO crystal can produce a dissymmetry. This effect will be estimated in section 5. From equations (29), a straightforward calculation shows that the mean position of each function |F (Ω)| 2 is shifted by ±7∆ with respect to 4ω L [32] .
Finally, the line shape is obtained from equations (25) and (29) . Figure 11 shows the profile calculated with a velocity distribution parameter σ = 1.6 km/s, in a magnetic field of 17.1 mT and for a modulation ∆ = 57 kHz. This modulation splits the line shape in two contributions corresponding to an increase or a decrease in the cavity length (dashed lines on figure 11 ) with a separation of about 800 kHz.
Fit of the experimental profiles
The parameters of the theoretical curves are the frequency of the 1S-3S transition ν eg = (ω e − ω g )/h for an atom at rest without magnetic field, the parameter ∆ which characterizes the splitting due to the modulation of the length of the BBO cavity, and σ which describes the velocity distribution. In a simple model the second-order Doppler shift is given by −3/2(σ/c) 2 ν eg [4] . Consequently the parameters ν eg and σ are strongly correlated and it is not possible to deduce these two parameters from the fit of the line shape. Practically, σ is fixed and the fit gives ∆ and ν eg ; σ will be deduced in the next section from the comparison of the results for different values of the magnetic field. Figure 12 shows an example of the fit of the theoretical curve to the data obtained with the CCD camera. In addition to ∆ and ν eg , the other parameters of the fit are the amplitude of the signal and an offset corresponding to various detection noises (parasitic light and read-out noise of the CCD camera). The signal-to-noise ratio of this record is about 24 and the atomic frequency is determined with a statistical uncertainty of about 17 kHz.
Through detection with the photomultiplier, it is possible to fit simultaneously the two spectra corresponding to an increase or a decrease in the BBO cavity length. Nevertheless it is preferable to fit the sum and the difference of the two curves, because, in the case of the difference, a large part of the noise due to the UV parasitic light is rejected. An example is shown on figure 13 . The signal-tonoise ratio is about 16 for the fit of the sum of the curves and 13 for the difference. The statistical uncertainty of the atomic frequency ν eg is 18 kHz.
Results
The main results have been obtained by using the CCD camera. The two-photon transition has been observed for four values of the magnetic field, 0.029 mT, 16.01 mT, 17.12 mT and 19.15 mT. The first value corresponds to the residual earth magnetic field. The magnetic field is calibrated with an accuracy of about 0.01 mT by observing the Zeeman effect of the 1S 1/2 -3S 1/2 (F = 1, m F = 0) transition. Table 1 gives, for each value of the magnetic field, the number of recordings n, the mean ν eg of the atomic frequencies obtained by fitting each recording with σ = 1.6 km/s and the values of χ 2 /(n − 1). For B = 0.029 mT, the uncertainty of the frequency measurement is 5 kHz, i.e. a relative uncertainty of 1.7 × 10 −12 . Unfortunately it is not the final accuracy, because the parameter σ of the velocity distribution has been fixed to 1.6 km/s.
To determine σ the mean frequency ν eg is calculated for different values of σ (in the range 1 to 2 km/s) to obtain four curves ν eg (σ, B) (see figure 14) . The values of σ and ν eg are obtained from the crossing of these four curves. With a least squares method, we obtain: The corresponding point is indicated in figure 14 (large dot); ν eg is the frequency of the 1S 1/2 -3S 1/2 (F = 1) twophoton transition for an atom at rest. The statistical uncertainty (12 kHz) corresponds to a relative uncertainty of 4.1 × 10 −12 . For a thermal atomic beam one has σ = kT /M (see section 4.2). The value of σ (equation (30)) corresponds to a temperature of 328(35) K which is compatible with a hydrogen atomic beam produced with a radio frequency discharge. This σ value is also in agreement with our previous measurements [12] . In this work, we did not measure the absolute frequency of the 1S-3S transition. Nevertheless, by comparing measurements with and without magnetic field, we had observed the effect of the motional electric field and deduced a value for σ of 1.55(11) km/s. For this analysis, we had approximated the theoretical line shape by a Lorentzian shape. We have remade a complete analysis of these data following the procedure described in section 4. The result is σ = 1.633(180) km/s. This value is more reliable than the result given in reference [12] and in good agreement with the new result (equation (30)). It is also possible to compare this result with the measurement of the velocity distribution of the metastable 2S atomic beam used to observe the 2S-nS and 2S-nD two-photon transition in hydrogen [4] . In these experiments, the metastable atomic beam was obtained by electronic excitation of a 1S atomic beam which had the same design than the atomic beam used in the present experiment. Because of the electron impact, there was an angle θ = 20
• between the 1S and the 2S atomic beams and the metastable atoms were slowed with respect to the 1S atomic beam by a factor of about cos(θ). Using Doppler spectroscopy of the Balmer-α line, the σ value of the metastable atomic beam was 1.525(10) km/s [35] . Taking into account the factor cos(θ), this corresponds to a value of 1.623(11) km/s. In spite of the roughness of this model, this value is also in perfect agreement with the present result.
The error budget is summarized in Table 2 . The frequency measurements are made with respect to the 100 MHz reference signal from LNE-SYRTE. During the measurements of the 1S-3S transition, this frequency reference was obtained from a hydrogen maser numbered 40805 of LNE-SYRTE. Simultaneously to the 1S-3S measurement this standard was also compared to UTC-OP (Coordinated Universal Time-Observatoire de Paris) and linked to the SI (Système International). The result was:
That produces a correction of +1680(18) Hz of the 1S-3S frequency. On the other hand, the Allan variance of the frequency measurement of the titanium sapphire laser (about 5×10 −13 in 1000 s [23] ) corresponds to a statistical uncertainty of 180 Hz for a frequency measurement during a 20 minute run, conservatively rounded to 300 Hz in table 2.
Following the notations of the reference [35] , the light shift ∆ν ls is:
where β g and β e are the matrix elements of the light shift operators in atomic units for the level g and e. Their values are: β 1S = −6.44539 and β 3S = 20.9264 [36] . The UV power inside the atomic beam cavity is estimated at the maximum to 2 mW. This produces a light shift of 280 Hz, rounded to 300 Hz in table 2. The pressure in the vacuum apparatus is about 6 × 10 −5 torr. The collision shift of the 1S-3S transition is not known. Nevertheless it would be similar to the ones of the 2S-3P hydrogen transition because these shifts are dominated by the two upper levels of these transitions of which the wave functions have the same spatial size. The shift of the 2S-3P transition in He buffer gas has been measured by Weber et al. to be about −9 MHz/torr [37] . Then, to estimate the uncertainty due to the pressure shift, we suppose an upper limit of 20 MHz/torr, corresponding to the value of 1.2 kHz in table 2.
Several other effects can modify the frequency determination. In the theoretical analysis, we suppose that the two Zeeman sub levels 1S 1/2 (F = 1, m F = ±1) are equally populated. Actually, for a magnetic field of 20 mT, the energy splitting between these two levels is about 10 −4 times the thermal energy. That produces a small population difference and a frequency shift of about 4 Hz which is negligible. To test the sensitivity of the result to the form of the velocity distribution, an analysis of the data has been made with a different velocity distribution f (v, σ) = v 4 exp(−v 2 /2σ 2 ). The result of equation (31) is then shifted by −3 kHz. We have adopted this value as the upper limit for the uncertainty due to the velocity distribution. A last possible effect is a dissymmetry in the modulation of the BBO cavity, if the velocity of the mirror is not the same when the cavity length decreases or increases. The two Doppler shifts δ decr and δ incr due to the motion of the mirror cavity would not be exactly opposite. The maximum relative difference between these shifts is estimated to 2%. The analysis of the data with this dissymmetry shifts the frequency of the 1S-3S transition by 2.6 kHz. This value corresponds to the uncertainty labeled "Scan of the BBO cavity" in Table 2 .
Taking into account the statistical uncertainty (12 kHz), the final result is: The total uncertainty is 13 kHz, i.e. a relative uncertainty of 4.5 × 10 −12 . After the measurement of the 1S-2S transition, this result is the most precise value of an optical frequency in hydrogen. The hyperfine structure of the 1S level is well known [38] and that of the 3S level is evaluated from the Fermi formula with the Breit correction to be 52 609.4 kHz. After correction of the hyperfine split-ting, the frequency of the 1S-3S transition is: ν (1S − 3S) = 2 922 743 278.678 (13) MHz (35) Unfortunately, the accuracy of this result is not sufficient to improve the determination of the Rydberg constant. Several methods can be used to extract R ∞ . The first one is to use the measurement of the charge distribution of the proton from electron scattering to calculate the Lamb shifts of the 1S and 3S levels. One then obtains for the Rydberg constant: R ∞ = 10 973 731.568 75 (18) m −1 (36) For the calculation of the Lamb shift, we have taken into account all the terms given in the CODATA report [5] . The fundamental constants used are also the values of CO-DATA, except for the fine structure constant. For that we use the recent result of Gabrielse [39] . With a relative uncertainty of 1.7 × 10 −11 , this result is in acceptable agreement with the value given by the CODATA adjustment of the fundamental constants: R ∞ = 10 973 731.568 527 (73) m −1 . As explained in section 1, another method to obtain the Rydberg constant is to compare the 1S-2S and 1S-3S frequencies by using the scaling law of the Lamb shifts [8, 9] . The result is: R ∞ = 10 973 731.568 88 (68) m −1 (37) The relative uncertainty of this result is 6.2 × 10 −11 and it is about ten times less precise than the CODATA value. The reason is that the relative accuracy of the 2S-3S transition which appears in this calculation is only 2.8×10 −11 . With this method, one also obtains a value for the radius of the charge distribution of the proton: r p = 0.911 (65) fm (38) This value is in agreement with the result deduced from the electron scattering (r p = 0.895 (18) fm) and from the adjustment of the data in hydrogen and deuterium (r p = 0.8760 (78) fm).
Conclusion
To conclude, the optical frequency of the 1S-3S transition has been measured for the first time by using a femtosecond frequency comb with a relative accuracy of 4.5×10 −12 . It is the best measurement of an optical frequency in hydrogen after the one of the 1S-2S transition. The secondorder Doppler effect has been determined from the observation of the motional Stark effect due to a transverse magnetic field. A careful theoretical analysis has been presented to describe the main features of the line shape. In spite of this high accuracy, this result does not improve significantly the determination of the Rydberg constant. For that, an accuracy of few 10 −13 would be useful. Presently the experiment is mainly limited by the low intensity of the UV source at 205 nm. To circumvent this difficulty we plan to modify the UV source by replacing the two frequency doubling stages at 820 nm and 410 nm by a frequency sum of a UV source at 266 nm and a titanium sapphire laser at 896 nm. With this scheme, similar to the one used by Bergquist to obtain 194 nm [40] , the UV power would be increased by a factor of ten and the signalto-noise significantly improved. Moreover it would be also possible to observe the 1S-4S transition in hydrogen which lies at 194.5 nm.
